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ABSTRACT 
A feedback control system for a bipedal walking machi ne model 
g iven in previous s tudy i s  presented and analyzed. The bipedal model 
is f ir s t  simpl i f ied and then equations of motion are der ived . Cr i ter ia 
for stabi l i ty ar e chosen and di ffer ent control sys tems are br ie fly con­
s ider ed . I n the survey o f  control systems available , i t  is s hown that 
the sampled-data control system with a large sampl i ng per iod has some 
advantages in the practical real ization . Such a sampled -data feedback 
contr ol is  analyzed in some detail to determine i ts contro l potential . 
The sampled-data control system analyzed uses a predic tive analog con-
trol algor ithm . 
Tiie analys is of  the control lab i l i ty shows that when practi cal values 
of controll ing var iables are used , a smal l and spec i f ic reg ion of i ni tial 
·deviations in the body s tate can be compensated . An analog/hybr id com­
puter EAI 380 was used to s imulate the analog controller and exper iment 
with changes in control ac tion. I t  was found that a great expans ion of 
the control lable reg ion can be achieved by keeping one contro l l ing 
var iable ( time of action ) at its maximum ,  whi le vary ing the oth er 
{.tor que level ) so as to reduce both control led var iables (dev iation in 
body pos ition and velocity ) to some compromised minimal value . 
NOMENCIATURE 
a Cons tant defined by (4-6 ) 
0( Angular d i splacement of the biped legs 
o<, Dis turbance angl e  of  the biped legs 
Aj For ce on b iped member due to inerti� (F ig . 3 )  
A Matr ix of  constants defined by (4-2 ) 
Bj Constants  defined by  (2-6a ) 
B Matr ix of  cons tant s defined by (4-2 )  
c Cons tant defined by (2 -19 ) 
d Constant de fined by (2 -19 ) 
6· L Correct ive funct ions de fined by 4-14 
Dj For ce on biped member due to inert ia (Fig . 4 )  
� Time interval for iterat ive computer solut ion (Fig .  1 1 )  
e Error s ignal 
E Angular displacement of b iped 
f i j Hyperbol i c  funct ions defined by (4-6 ) and (4-7 ) 
Fj (S ) Trans fer funct i ons of  the b iped sys tem defined by (3- 4 ) ,  
(3-7 ) , (3-8 ) ,  and-(3 -10 ) 
G(s ) Control ler component trans fer function 
h Length of balanc ing mass support 
H(s ) Feedback trans fer funct ion 
K Ga in cons tants for analog controller 
1 Length of b iped leg 
v 
M Moment caus ing angular d i splacement of b iped 
Mj Moment about 0 due to mot ion of  biped member 
Mwj Moment about 0 due to weight of  biped member 
M<f Distur bing moment 
"" Ang ular frequency of b iped gait 
p Constant defined by (2 -10 ) 
Pj Pos it ion vector o f  b iped member 
q Cons tant defined by (2-10 ) 
R Different ial operator £t 
JV Angular displacement of balanc ing mas s 
Jl{' Corr ect ive dis placement o f  balanc ing mass 
� Disturbance of ba lanc ing mass 
T One hal f  o f  the step per iod 
Tm Time interval o f  control appl icat ion 
T� S lope of ramp funct ion for generat ion of  Tm 
u Constant defined by (2 -10 ) 
y Cons tant devined by (2-10 ) 
Wj We ight of  biped member 
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CHAPTER I 
I NTRODUCTION 
1 
When s tudy ing the b i pedal l ocomo t i on o f  an anthro pomor ph i c  wa l k i ng 
mach i ne , a cons i derab l e  mat hemat i ca l  comp l exi ty ar��e s . I n  t he ear l y  
s tu d i e s  o f  b i pe dal dynami cs , a v er y  s impl i f ie d  mod e l  was us ed ( l] . 
I t  c ons i s ted of the bas i c  e l emen t s  onl y; that being t h e  central body 
t o  wh i c h  two , two -par t l e gs and a balanc ing upper body wer e at tached 
( s e e  F i g . la ) . Such a h i g h l y  s impl ified mode l was u s ed i n  or d er to 
r educe the comp l ex i ty o f  i t s  mat hemat i ca l  descr i pt i on, wh i l e  r e t a i n ing 
the ma in s y s tem character i s t i c s . Later, in the dynami c s t udy of an 
ort ho�i c  devi ce , a mat h emat i ca l  mode l  for a mor e e labor a t e  b i ped was 
d erived [2], ( F i g . l b ) .  Thi s  a p pr oach c onsi dered the b i pedal s t ruc tur e 
as compo sed o f  a number o f  r i g i d  member s mu tua l l y  i n ter c onne cte d by 
" ba l l and so cket" jo i nt s . The dynamic study o f  b i pedal.lo c omot i on on 
t h i s  ela borat e mod e l  conf i rmed the bas i c  r e su l t s  obta ined by Osing the 
s impl i f i e d  mode l .  
F i g . l a  F i g . l b  
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Eve n  whe n h i g h l y  s impl i f i e d , a b i pedal s truc tur e be l on g s  t o  the 
l arge - s y s tem c l as s . To contr o l  e f fe c t iv e l y  a large s ystem , a h i erar-
ch i ca l  t y pe o f  contr ol must be intr oduced . Cons i der i ng the b i on i c  
pr i nc i ples , the fo l l owing c on t r o l  l eve l s  wer e sugge s te d  [ l] 
1 )  d e c i s i on -mak ing l evel 
2) a l g or i t hmi c leve l 
3) d y nami c l ev e l .  
Th i s  mu l t i l ev e l  contr o l  s y s tem i s  i l l u s trated a s  s hown i n  F i g . 2, [2]. 
The de c i s i on-mak i ng l ev e l  c hoo s e s  the type o f  ga i t  needed ( wa l k i n g , 
r unni ng , e t c . ) . The a l gor i thm i c  l ev e l  d i r e c t s  the ext r em it i es i n  t h e  
pr o per manner t o  perform t h e  ga i t  a n d  for war ds t h i s  i nforma t i on to t h e  
dynam i c  l eve l . Tho dynam i c  l eve l is that par t wh i ch i nc l ud e s  the bal-
anc ing a l gor i thm and s tab i l izing act ion . It comb ine s the ga i t  d a ta 
wit h  f e e d -back s i gna l s  and contr ols the mbt ion o f  the ba lanc i ng mas s e s . 
The s e  d iv i s i ons ar e bas e d  on a m i nimum f low of in forma t i on b e twe e n  
l ev el s . 
F i g . 2 
Ch o i c e  o f  
ga i t  
De c i s i on 
l evel 
-----·Stabili zat i on----�-
Balanc i ng 
algor i t hm 
Gai t  
,__ _ _ 
I 
I 
I 
I 
algor i thm 1----------------� 
"th . I Algon m1c I lev e l  Dynam i c  
I 
l evel 
BIPED 
Ob je c t  
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Like all dynamic systems, bipedal locomotion systems are subject 
to the classic theorems of stability. However, being inherently un-
stable, a bipedal structure calls for .some additional consideration. 
One impor tant difference from multipedal locomotion systems is that 
the equilibrium about the supporting point has to be established by 
dynamic rather than static f orces. This has been achieved by the co­
ordinated motion of balancing members represented by the balancing 
algorithm in Fig. 2. Although balanced, the system still retains un-
stable character; i. e. , if external disturbances were not considered, 
the gait algorithm and the balancing algorithm would suffice for a 
steady locomotion. Hence, to retain t he steady locomotion under tne 
influence of different · disturbances, the bipedal structure has to be 
stabilized in addition to being equilibrated. 
In the dynamic studies of bipedal locomotion mentioned above, 
only the balancing algorithm was considered in detail. The stability 
problem was described in [zj and defined as follows. Three categories 
of stability were introduced : 
1) body stability 
2) body path stability 
3) stationary gait stability. 
The "body" is considered a referent portion of the machine to which 
other members are attached. Body stability requires that the body 
angular orientation and altitude remain within limits and if disturbed, 
4 
the body returns to within these l imi ts as time become s  infinite . In 
body path stabil ity , the " average velocity vector" returns toward its 
or iginal direct ion and magni tude after a dis turbance . A s tat ionary 
gait  is cons ider ed stable if the character i s t i c  gait factor s of the un­
disturbed system return , after a disturb�nce , to within the given 
l imits in a finite number of s teps after the disturbance .  A general 
term of " repeatabi l i ty" may be appl ied to this stabi l ity in that the 
character ist i c  factors repeat after that number of steps . 
In the pres ent thes i s , the pr inc ipal aim is to cons ider a feed­
back control system that i s  able to stabil ize an equil ibrated bipedal 
structure with respect to all three stabil ity categor ies . Differ ent 
contro l  systems are cons idered ; a cont inuous feed-back control 
system and some sampled-data control systems with di fferent sampl ing 
intervals . Dur ing a step cyc l e , d i fferent disturbances can exi st . 
They may include external forces , parameter var iat i�ns , unevenness o f  
the ground surface , etc . Al l  these disturbances , act ing dur ing a 
step , make the state of the s tructure dev iate from the prescr i bed 
gait algor i thm and the corresponding balancing mot ion. Thi s  dev i­
at ion can be cons i dered as a.  var iat ion in init ial condit ions of the 
di fferential equat ions des cr i bing the bi ped mot ion at the beg inning 
of the next step . A correct ive act ion can be found to for ce the final  
condit i ons of the  next step to l ie within the prescr ibed l im i t s . The 
cons iderat ion j ust presented makes it  attract ive to appl y a sampled-data 
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s y s tem wit h  a l arge s ampl ing i n t erva l cor r e spond i ng t o  an even frac t io n  
o f  the s tep per i o d . 
A s ampl ed -data s y s tem w i th a sampl i ng int erva l  equal t o  � hal f 
s tep peri od i s  i nv es t igated i n  s ome detai l .  The s impl i f i e d  mod e l, as 
g i ven in F i g . la, is used wit h  an ad d i t i ona l s imp l i f i cat i on t o  accom­
�odate the mod e l  to t he capac i ty of t he ava i l ab l e  a na l o g  c omput er . 
The s e  s impl i f i cat i on s  do not change the ba s i c  character i s t i cs o f  t h e  
pr ob l em , a s  t h e  experi ence w i t h  t h e  pr e v i ous dynam i c  s tudy o f  a b i ped 
shows . The cor r e ct ive act i on i s  app l i ed t hrough a torque o n  t h e  
balan c i ng ma s s, w i t h  a t i me h i s tory chosen in s uch a way a s  t o  s at i sfy 
the s tabi l i t y  o f  a s tat i onar y gai t . As the l ower e�trem i t i es ar e not 
used f or t h e  c or r e c t i ve act i on, t h e  body pa th s tab i l i t y  i s  pr e s erv e d . 
A t ime doma i n  ana l y s i s  i s  used to de s cr i be the contr o l· a c t i on and t o  
inves t i gate i t s  po t e n t i a l  on t h e  body s tab i l i t y . A n  ana l og comput er 
s imul at ion i s  used t o  chec k  the theor e t i cal ana ly s i s  done and a s  a 
med i um to exper ime n t  with parame t er s  for improvement. o f  t he c on t r o l  
act ion observed . 
CHAPTER I I  
FORMULATION OF THE PROBLEM 
The s i mpl i f i ed mod e l , as us ed in the ear l i er s tud i e s  on bi pedal 
l oc omot i on ( Fi g . l a ) , is chos en for the pr es ent s tabi l i t y  s tud y . As 
stated be for e , a fur t her s impl i f i 6ati on is nece s s ar y  to r educ e  the 
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probl em t o  t ha t  wh i ch could be s imula t ed on the ana log c omputer ava i l ­
abl e. The f i na l  mod e l  propos ed for t h i s  pur pos e i s  s h own i n  Fig. 3. 
It i s  phys i ca l l y  simpl i f i ed i n  that the l e g s  �ave been assumed i n  one 
p i e ce and each member is as s umed to be a po int mas s . In add i t i on , t h e  
s impl ifi ed mod e l  i s  as s umed t o  move onl y  i n  o n e  plane , i . e., both l egs 
move in the s ame p l ane. As i n  the prev i ous mode l ,  the l eg s  ar e r igid 
and the ba l anc i ng mas s is a po int mas s  suppor ted by a mas sle s s  r od . 
F ig. 3 
y 
Th i s  model i s  considerably s impl i f ied but reta i ns the bas i c  c hara c t er­
is t ics of a biped with i t s  i nherent instabi l i ty . I f "'!' and o< ar e a s s umed 
smal l , the model is s imi lar to tha t  of ari inverted pendu l um. 
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The· model is assumed to  be supported on onl y one l eg over the 
course of a hal f-step; the other being dragg�d just off the ground. 
The equilibrium of moments about the point of support is u sed t o  obtain 
the differential equation of mot ion. The f orces acting on the system 
are as shown in Fig. 3 and position vectors to the centers of mass of 
each member are 
- .l (-sin pl 2 1 o( 
1 p2 2 1 (-3 sin 
P3 1 (-s.in o{ i 
-
-
i 
o(. 
+ 
+ cos 0( j) 
-
i + cos o(. j ) 
cos 0( j) 
- -
P 4 = -(1 sin� + h sin 11') i + ( 1 cos o( + h cos )t-") j 
(2-1) 
The forces A are inertia f orces due to the accel erations of each mem-
ber. The f orces ware. the weights. Taking the cross product s of each 
force with its position vector gives the moments about O .  Therefore , 
the moment s M due to inertia forces A will be 
! 1 (-sin � i + cos o< J) x ( A1x f) 
-
=-! 1 A1x cos o\ k 
Simil arly 
M1y 
1 1 Aly sin o<. k -2 
M2x 
1 1 A2x cos o( k -2 
M2y -3/2 1 A2y sin o< k (2- 2) 
M3x 1 A3x cos O{ k 
Kb� - 1 A3y sin o(. k 
M4x = -A4x (1 cos o< + h cos'/'") k 
M4y = -A4Y (1 sin-� + h sin Y,-) k (2-2 cont.) 
Using D'Alembert ' s  principle, t he inertia forces can be rewritten as 
-A1x = m1 Pix 
-A1x = m1 1/2 l 
-A1x = 1/2 m1 1 
In a similar manner 
(sin o< • 2. « - cos 
«2 sin o( -1/2 m1 
o( � ) i 
1 � cos 0( 
-A1y = -1/2 m1 1 0<2. cos o< -1/2 m1 1 � sin o<. 
-A2x = 3/2 m2 1 O(Z sin cl.. -3/2 m2 1 O<. cos o< 
-1/2 m2 1 O<' cos o<. .-1/2 m2 1 � sin � 
where P= d
2P 
d t2 
(2-3) 
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Substituting equat ions (2-3) int o equations (2-2) yields the expressions · 
for the moment s due to inert ia forces. This subst itution gives the 
following moments, 
Mix = 1/4 m1 
M1y = 1/4 m1 
al l being in 
12 sin o< cos o<. 
the z-direction: 
· 2  0( - 1/4 m1 1
2 
12 sin o< cos o<. O< z. - 1/4 m1 12 
cos2 o< 0( 
sin2 cit � 
M2x 3/4 m2 1
2 sin o. cos o< C<,2.. - 3/4 m2 12 cos2 o<. bt 
M2y 
M3x· 
M3y 
= -3/4 m2 12 sin °" cos <>( 
· 2  m3 12 sin o<.. cos o( o< -
• 2. =-m3 i2 sin � cos ex. ot.. -
. 2. 0( -
m3 
m3 
3/4 m2 
i2 cos2 
12 sin2 
12 sin2 0( 
.. 
� 
. .  
o( o< 
•O 
0( o< 
(2-4) 
9. 
1� • � M4x (1 cos o< + h cos r ) (m4 1 sin o< o< - m4 1 cos o< o< + m4h 
sin '¥" V2.- m4 h cos 7f" y;. ) 
( l/r • Z. M4y = - 1 sin o( + h sin r ) ( m4 1 cos o< o( + m4 l sin . o< o< + m4h 
cos II/" 7 ;,,,.2. + r .,.... m4 h sin 
Moment s due to t he weight s of the members can be obta,.ined by 
taking the cross product s of t he position vectors with the weight s. 
An example is 
= 1/2 I (-sin ex i + cos o< }) x (-w1}) 
1/2 w1 1 sin o< k 
Similarly 
Mw2 3/2 1 w2 sin o< k 
�3 = 1 w3 sino< k 
Mw4 = (1 w4 sin o<' + h w4 sin lf") k 
(2-5) 
These moments are too, all in z-directions. Summing all the moment s 
about O, i. e. , as given by equat ions (2-4) and (2-5) ,  we obt ain 
- [B2 (sin ol. sin Y+ cos o< cos )tr) + B5] Y 
. z.. 
- [B2 (sin o! cos ¥'- cos o<. sin ¥"' )] � + B4 sin Y = 
[B1 + B2 (sin � sin )L/ + cos o( cos JV)] � 
] . 
2 
+ [B2 (cos o( sin 1.j-r- sin o( cos Y) o( - B3 sin o< 
where 
(2-6) 
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Bl 1/4 m1 
2 2 2 12 = 1 + 3/4 m2 1 + m3 1 + m4 
B2 = m4 h 1 
B3 = 1 /2 Wl 1 + 3/2 w2 1 + W3 1 + W4 1 (2-6a) 
B4 = W4 h 
B5 = m4 h
2 
To reduce the complexity of equation (2-6) we restrict ourselves 
to small angles o< and 1.//. The equation can be first expanded in power 
series and presented in the f orm 
y3 
. · ) (  y - - + . 3 ! 
C'..2 
. ·)+<1 - I + . 2. · · ) ( 1 - -yr 2 + · • · ) ) + B-} {� 2' ;:) I 
y.r2 
- + · 2( .
. ) -( 1 
y3 - + ·. · )+(l 3 t 
o(2 
2! 
+ .. 
. y3 . 2 
·)(1fr- 3! +·.·) ]
yr 
(2-7) 
r:xZ y2 
- 2� + .. ·Hl- 2f + . . ·)].ex 
"'1'3 - + . 3! 
o(3 ",V-2. 2 . ·)-( � - - + . .  · ) 0- - + . . ·)] � - . 3 ! 2 ! 
Then, neglecting the small terms of third order, equation (2-7) b0comes 
Including higher ord�r terms would put the equation beyond the scope 
of the analog computer available. 
The angle o< = o<. (t) that appears in the equation obtained is 
given by the gait algorithm; consequently, it cari be considered as 
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the forc ing func t i on and the equat i on obta i ne d  can b e  rewritten i n  
the fo l lowing form: 
(2�8) 
Th i s  equa t i on i s  a s e cond order, linear , nonhomogeneous d i f fer en t ia l  
equa t i on i n  Y, wi th con s tant coe f f i c i en t s . I t  r e pr e s e nts the. ba l -
an c i ng a l gor i thm for the b i peda l s ys tem cons ider ed . 
In a prev i ous work, a s et o f  va lue s for nond imens i ona l i z e d  l engths 
and mas s es s imulat i n g  an anthro pomor ph i c  mode1 wer e pr e s ented (tj 
For continu i t y o f  s t udy, t h e s e  values ar e used here, mod i f i e d  f or the 
s impl i f i e d  mode l .  The y  ar e 
]2 1.219 m1 0.492 h2 m4 
1 1.104 
mz 0.492• h m4 
(2-9) 
g 1 1.35 -2 � s e c  1. 1 15 h m4 
m4 1.000 m4 
By us i ng va lues (2-9), the equa t i on (2-8) be come s 
(2-10) 
wh�re p = 2.104 v - 38.83 sec-2 
-2 q = 11.35 s e c  u = 4.282 
At th i s  point, an algor i t hm for t he motion of the l eg s  mus t be 
de f i ned .  For s impl�c i ty ,  a good c ho ice is a harmon i c  funct i on such as 
o( o<0 cos 2(�) t 
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where. oe 0 is the maximum amplitude and 2T is the step period. The step 
is defined as beginning at t=O with o( = o<o and ending at t=2T with 
ot= c<0 • Taking the second derivative of o<. and substituting into 
equation (2-10) gives 
p y;_ qY' -u ;,{ + v o( 
p y;. - q'f = -u (- o<(J w2coswt) + v ( o<0coswt) where 
. p Y - q 1.f/ = o( 0 ( U w2+ V) COS W t 
The solution of equation (2-11) is 
Y c1 e
Ht + c2 e 
-Ht + K cos wt 
(2-11) 
If 
(u w'+v) where H = 
p
g and K = - o<. --·-- -
o ( p c...ua. +q ) . 
?l.­
T 
This equation holds during one half-step, i. e. , while the same leg is 
in contact with the ground . In order that one step may start in the 
same way that the previous step did, the solution must be cyclic, i. e. , 
the initial conditions have to be equal to the final conditions cf one 
step period. For a half-step period, due to symmetry o f  the gait, the 
following relation will hold [2] : 
JV(O) = /V(T) 11"(0) )V (T) (2-12) 
To describe the referent body position necessary for treating the 
body stability , a new coordinate is introduced. Fig. 4 shows the co-
ordinate, £ used as a reference for body stability. If Y and 0( are 
assumed small , the model may be repr esented as an inverted pendulum as 
shown. It is now d esired to derive an equation showing the momen� 
about point 0 causing the motion of the biped in the coordinate � 
all others being frozen. 
y 
Fig. 4 
0 
As in deriving the previous equation of motion, vectors to the 
centers of mass are defined. The vectors are 
Pi = 1/2 1 (-sin E i + cos £ }> 
P2 = P1 
P3 = 1 (-sin £ i + cos l 3> 
!>4 = n·+ hH-sin £. i + cos E.}> 
The moments about point O due to inertia forces D are 
M1x 1/2 1 (-sin E I + cos [ }) x Dix i 
Mix = -1/2 1 Dix cos £ k 
Similarly 
M1y -1/2 1 D1y sin £ k 
M2x = -1/2 1 D2x cos £, k 
M2y = -1/2 1 D2y 
sin £ k  
269ti11 
_ _ _ ____ ,,...,, 1 inn ADV 
(2-13) 
(2-14) 
13 . 
14 
M3x = -1 D3x cos £ k  
-
M3y = -1 D3y sin £k 
(2-14 cont. ) -M4x = -Cl + h) D4x cos £ k 
-
M4y = - ( 1 + h) D 4y sin £ k 
By D� Alembert's principle, the inertia forces can be rewritten as 
-
ct2Plx where P · ix -� 
-Dix - mi 1 /2 i ( £2.. sin c - E cos £ ) 
= 1/2 1 m1 ( la sin C.. - £ cos f_, ) 
By a similar process 
-D1y = -1/2 1 m1 ( £2 cos t + £ sin £ ) 
£Z sin E - £cos £ ) 
. 2. .. -D2y = -1/2 1 m2 ( £ cos l + €sin £ ) 
.. 
• 2. -D3x = 1 m3 ( E sin E, - E cos £ ) 
-D3y = -1 m3 ( tz. cos 
. .  
£ + € sin ( ) 
• 2. . .  -D4x = (1 + h )  m4 ( c sin € - � cos E ) 
-D 4y = -(1 + h) ID4 ( r.,z. cos £ + £. sin £ ) 
Substituting equations (2-15) into equations (2-14) 
2 M1 x = 1/4 1 m1 
-
12m Mly =-1/4 ( 1 
-
12 M2x = 1/4 m2 ( 
-
12m M2y = 1/4 ( 2 
-
12 m 
. l. 
M3x = ( ( 3 
[ 'cs in £ cos 
f, 2 sin E cos 
• 2 c sin c cos 
• 2. {, sin € cos 
sin E cos £ -
E -
E. + 
£ -
& • 2. c cos (, 
£. sinz. t ) 
E. cos2. � ) 
£ - E cos2..£ ) 
E. cos2 €. ) k 
-) k 
-
k 
-k 
-
k 
we get 
(2-15) 
(2-16) 
2 ·2. . . •  2 . -= -1 m3 C £ sin £ cos £ + £ sin C, ) k 
2 ·2 .. . 2 = ( 1 + h) m4 ( 8 sin £ cos £ - e cos £ ) k 
2 ·2 .. 2 -= -( 1 + h) m4 ( £ sin E cos E, + £ sin c ) k 
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(2-16 cont . )  
Moment s due to  weight forces are found by taking t he cross product s 
of t he position vectors with t hese forces as 
1\v1 = pl x wl 
1/2 (-sin c - £ j) = 1 i + cos x -wl j 
= 1/2 1 Wl sin & k 
and likewise 
- -
Mw2 = 1/2 1 w2 sin £ k 
- -
Mw3 = 1 w3 sin £ k (2-17) 
- -
Mw4 = (1 + h) W4 sin E k 
By summing t he moments about O, we obtain t he desired relation. After 
neglecting the small quantities of third order, it result s in: 
Since 
we obtain 
(2-18) 
Substituting values (2-9) into equations (2-18) yields 
16 
c £ - d £ M' . (2-19) 
where c 6.086, d -2 44,015 sec and M' 
The e qua t i on (2- 19) s ta t e s  t ha t  for a ny moment M' , ther e w i l l·exi s t  
a body mot i on £ g iven by t ha t  equat ion . I f  the moment M' i s  con-
sider e d  a s  being a dis t ur b i ng momen t ,  the r e sul t ing mot i on £ w i l l  be 
a deviat ion fr om t he equ i l i br i um po s i t ion .  For the s y s t em to hav e  
body s ta b i lit y , t h e  mot ion in E , af ter t h e  d i s tur ban c e  has c ea s e d , 
mus t van i s h  wit h  t ime , or r et ur n  i n t o  a pr e s cr ibed r e g i on . The 
negat ive c o e f f i c i ent o f  the equa t ion (2-19) s hows , however, t ha t  t h e  
sy s t e.m ,  a s  given , i s  unsta b l e . Th i s  i nher ent instab i l i t y  was expe c t -
ed by t h e  na ttir e  o f  t h e  pr o b l em , and a control s y s tem was pr epar e.ct ·to 
compensate for i t . I f  the mot i on o f  the balan c i ng mas s  i s  u s e d  t o  
s tab i l ize the s t ru c tur e , i t  can be per formed on the dynami c l ev e l  a s  
shown i n  F i g .  2. The s ta b i liz i ng c ontrol s y s t ems ar e cons i d e r e d  i n  
what fol l ows . 
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CHAPTER III 
SOME FEEDBACK CONTHOLS FOR STAB I LIZATI ON 
Th e d i s turb i ng moment M' intr oduced i n  equation (2�19) can 
or i gina t e  due t o : 
(1) Devi at i on f r om pr e s cr i bed gai t a l gor i thm o<.(t) due t o  a 
me c han i ca l  imper f ec t ion o f  the s ys tem; t h i s  devi ation w i l l  
b e  deno t e d  b y  o<.� ; 
(2) Deviat i on fr om cor re s ponding ba lanc:lng al gor i thm )V.(t ) due 
to mechan i ca l  imper fe c t i ons; it wil l be deno t e d  by � ; 
(3) Some exter nal d istur b i n g  moment Md due t o  unpr edic ted 
external for c e s  or i mper fe c t ion of the ground s ur fac e . 
As t h e  resu l tant ga i t  mot i on w i ll now be o<+o<.� and t h e  bal anc i ng 
mot ion )V+VJ , t he equat ion (2-10) w i l l  no t be sat i s fied; h e n c e  pr o-
ducing a res u l tan t  unba lanced moment , i . e .  a d i s tur b ing mome n t  equal 
to: 
Mb p ( if/ + � ) - q ( 1f" + � ) + u ( ex + D( o' ) - v ( o< + 0( c1 ) 
(3-1) 
The total d i s tur b i ng moment ,  in cl uding ext ernal d is tur b ing moment Md 
wi l l be: 
M' = p ( Y/+ "f/c1) - q ('f'"+ 'fd) + u (0<. + 0<.c1) 
' 
- v ( o< + o<.o') + Md (
3-2) 
This di s turb i ng moment will cau s e  a dev i at ion i n  the body pos ition 
accor ding t o  equa t ion (2-19). Th i s  deviation i n  body posit i on can 
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be corrected by additional, corrective, motion in )V and/or o< , i.e., 
on the dynamic and/or algori�hmic level. By chbosing the correction 
on the dynamic level only, the body path stability will be achieved 
directly, as the disturbance o<4 is restricted to variations about the 
prescribed algorithm o<(t) only. Hence, the corrective motion chosen 
to create a corrective moment is in "f"only and will be denoted by � 
The full equation of the system under disturbances can be now 
written. It is given as follows: 
+ M� = c E - d £ (3-3) 
where: C>((t) is the given gait algorithm 
"f'/( t) is corresponding balancing motion 
Yd , o<.0, and Md are disturbances 
� is corrective motion 
and £ is the deviation of the equilibrium position that represents 
the error signal which activates the corrective motion. 
The block diagram of the system is represented in Fig. 5 .  The trans-
fer functions p1(s) to F4(s) are obtained from Eq. (3-3) as follow
s. 
Fig. 5 i<s) 
H(s) 
'Ve s )+ F2Cs) M:
'r cs) F1 (s) M� Cs) 0( Cs) lcs) 
F3(s) 
M� (s) 
o(d( s ) 
Block F1(s) is obtained by Laplace transform as 
p Y - qY""= vo< - u O<. 
;t ( p y;- -q )'-' ) = x ( v ol. - u O< ) 
2 2 s p 'Y"(s) - q 'Y< s) = v 0< Cs) - s· 
YCs) 
O< (s) 
(-s2 u + v) 
( 82 p - q) 
Blocks F2(s) and F3Cs) are obtained by considering: 
I 
· where My.-- is the moment due to motion in )V'° and 
u 0< - v o<. = M 'o< 
u 
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O< (s) 
(3-4) 
(3-5) 
(3-6) 
I 
where M� is the moment due to motion in o< • Taking the Laplace trans-
forms of (3-5) and (3-6) give 
_, 
M Y' (s) 
F2(s) = '}t"" (s) 
= 
and 
F4(s) is obtained by considering 
p 82 - q 
2 u s - v 
c € - d E = M1 
(3-7) 
(3-8) 
(3-9) 
·where M1 is the sum of all the moments appli.ed to the system. Taking 
the. Laplace transform as before, 
£. (s) (c s2 d) = M' Cs) 
However, here £ (s) is the output and M:' (s) is the input. Therefore 
E<s) 
M' (s) 
1 
c s2 - d 
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(3-10) 
As given by Eq. (2-10) , t he moment due to the mot ion in o< plus t he moment 
due t o  motion in )?'""is equal t o  zero. The input s 1P'" (s) and o< ( s) can be 
t herefore dropped from Fig. 5 .  Transfer blocks F2(s) and F3(s) must be 
ret ained, however, t o  t ransform t he disturbances "f'"d(s) and o<d(s) int o 
moment s. 
The resulting block diagram is given in Fig. 6. It represent s t he. 
relation between t he disturbances, t he body position £ as an error sig-
nal, and t he corrective action in t he form of an additional balancing 
motion Ye . The feedback transfer function H(s) has to  be d.etermined 
in such a way as t o  satisfy t he body stability and the st ationary gait 
stability requirement s, the body pat h stability being already ensured. 
:E.:_ig. 6 
- �($'-����������������---..,���� H(s) 
'lft4 Cs) + -
ps2- q, 
-
f (s Mci<s) + + .__ __ _ 1 . + cs2-d 
o<d ( s) 
Continuous Feedback Cont rol 
As stat ed previously, for body stability of t he biped, t he 
deviat ion in t he body position, £ , due to different disturbances, 
has to  be controlled, i. e. , to  be reduced to zero or kept inside the 
given limit s. The deviation angle£ can be sensed by a sensor.having 
t he t ransfer funct ion tt0(s) . The feedback signal
 e ,  compared with 
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the reference er = O, represents actually the negative error signal 
ee = - e that activates the control ler component G(s) to obtain the 
corrective motion �. Hence, by splitting the transfer function 
H(s) into G(s) and H0(s) , the standard form of a feedback control 
system can be obtained. This standard form,  obtained by rearr anging 
the diagram from Fig. 6 is given in Fig. 7. 
Fig. 7 
e 
control ler 
r--- --, 
G(s) 
I 
I� 
I 
pl ant 
r--
'9;;<s)I 
I 
I 
........----� 
-, 
1-----' ps2-q 1 
I cs2- I 
i..: ______________ _J 
I 
Md(s) 
E Cs) 
The sensing component H0(s) can be conveniently realized by 
using a position gyro with relatively fast response. The transfer 
function H0(s) , in that case, wil l take the simpl e form of a pro-
portional block: 
To generate a corrective motion � of the bal ancing mass, the error 
signal -e has to create a corrective moment Mc first. The moment 
then accelerates the mass and determines its position through t he 
transfer function 
Hence, the transfer function G(s) can be split into two parts: 
1 G(s) = G0(s) · �' and the system from Fig. 7 takes the form as s 
given in Fig. 8. 
Fig. 8 
I 
e I 
-N 
L-- -----
I 
L_ 
I 
I 
_J 
D<ae s) 
1 
� I  
ij� cs) I 
______ _J 
E' <.s) 
The controller component G0(s) is considered next. It must be 
synthesized in such a way as to render the system stable. Its in-
fluence on the stability can be analized through the transfer 
function of the system. A qualitative analysis of the requirements 
on the G0(s) will be given here by using the root locus method. 
The open loop trans fer function of the system will be: 
1 ps2-q 
O. L. T.F.= -NG0(s) �2 
�2� 
s cs -d 
Suppos� first that N(O (an inverting amplifier is used for the 
feedback signal) and a0(s) = 1 (i.e. it is simply omitted. ) The 
root locus for this case is given in Fig. 9a. The system is ob-
Vious ly unstable for all gains N. 
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The simplest correction to the root locus would be to synthesize 
a transfer function of the form 
r2s2+r1s+r0 
s - ;q;p 
·It would result in the root locus plot as given in Fig. 9b. It shows 
that a gain N can be found which will render the system stable. How-
ever, a positive-zero cancellation is impr�ctical; due to deviation 
of the circuit parameters with time it leads inevitably to an in-
stabilit y of the system. 
One possible solution would be to use the rate gyro with the 
transfer function H0(s) = -Ns and synthesize a.complex transfer 
function of the form: 
5 lT (s-zi) 
Tr (s-pi) 
This would cause a root locus as represented in Fig. 9c. It will 
always be possible to find a gain N that will keep the roots in the 
left hand side of the s-plane. The stationary gait will be also 
preserved, as the corrective motion tends to zero when the error 
signal ceases. This can be shown by considering transfer function 
(see Fig. 7): 
}(Cs) 
£ ( s) 
H0(s) G(s) 
= l+H (s) G(s) Ps
Z-q 0 
cs2-d 
< X o OE 
jw 
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Fig .. 9a 
Fig . 9b 
Fig. 9 c  
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where we have now H0 ( s )  -Ns and 
G ( s )  
Then , for a unit impu l sive change in £ we have: 
i . e .  there wil l  be no s et t l ed change in t he mo tion of the balancing 
mas s  due to wha t ever caus es 8 . 
Al t houg h this t ype of contro l s y s t em is a ma themat ical l y  feasib l e  
one , i t  ha s a disadvantage in the c ompl exity of t h e  contro l  c omponent 
G0 ( s ) . Furt hermore, the con tinuous con tr o l  of the corr e c tive t orque 
woul d  reprSs ent a difficulty in the hardware rea lization. A more 
practical me t hod was sough t  by c onsidering the sampl ed-data s y s t em as 
described next in t his paper . 
Sampl e d -dat a  Cont r ol Sys t em 
Samp l e d-data contro l s y s tems came in to wide us e d.uring t h e  196-0' s . 
wi th the application of digital computers . The pro c e s s  of s ampling 
as treated in s ampled -data control s y s t em t heory involves the t rans -
formation of data from a c ontinuous analog form t o  data in a dis cre t e 
va lue form . Continuous information is pas s ed t hroug h a samp ling 
swi tc h which is c l o s e d  momen tar i ly e�ery T s e cond s . Sampl e d - data 
sys tems c oupled with a digita l comput er usual l y samp l e  frequen
tl y , 
approxima tin g  a con tinuous fee dback . The advantage o
ver continuous 
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feedback sy s tems lie s in t h e  vas t capabi l i tie s of t he digital computer 
over a simp l e  feedback e lement. The computer can colle c t  many t y pes 
of data , s ele c t  c ontrol parame te r s , implement complex contr ol al-
gorit hms , and even e s tablish optimum control pr ocedur e s. 
A sampled data con trol s y s tem applicab l e  to the biped consider ed 
is pres en t ed in Fig. 10. The error signal e i s  sampled a t  fr equen t 
intervals T and t he pul s e  t rain e* is proces sed in s equence during 
the time int ervals T. The r e sultant in formation for t h e  r e quir ed 
cor r e c ting moment Mc is forward ed in the form of a puls e t r ain Mc* 
to a zer o -order hold element . The zero -order hold element c on t r ols 
t h e  c or r e c ting mome nt Mc in a dis cr e t e , stair -ca s e  fas hion; elimi -
nat i ng , in that way , the inconven i ence of cont i nuous control of t h e  
correc ting momen t  encountered i n  the continuous contr ol s y s t em d e -
s cribed ear lier. To gene1·ate the sampled -data t rans fer fun c tion G ( z ) , 
a di g i t al compu t er wit h  an implemented control algorit hm should b e  
used. The trans f er func t i on G(z ) mus t  sat i sfy the r equir eme n t s  for 
the s y s tem s tability. If t h e  continuous contr o l  components ar e d e -
noted by Gc ( s )  and t h e  pl ant components b y  Gp ( s ) , t h e  
t rans fer func -
t i on for the s ampled -data s y s tem will be: 
T.F. 
G(z ) ·GcGp(z ) 
l+G(z )•G G H ( z )  c p 
The s tabilit y  conditions r e quir e all the root s of the T.F. d enom-
inator to l i e  wit hin the uni t c ircle of the z- plane. This condition 
wi l l  d e t ermine the ne ces sar y  c on t r o l  a l gor i thm . I t  w i l l b e  a l way s 
pos s ible t o  s yn thes i ze such an a l gor i t hm and impl ement i t  on the 
d i g i ta l  computer . However , a s  t h e  s y s tem cons i de r e d  i s  of a con-
s i der ab l e  comp l ex i t y , t h e  r equi r emen t s  on t he compu ter a s  t o  i t s  
capac i t y  t o  s tor e data and ,t he pr o c e s s ing s peed t o  a ch i eve t h e  
nece s s ar y samp l i ng fr equenc y , s eems t o  be pr oh i b i t ive . 
F i g . 10 
-e 
d i g i ta l  cont inuous 
contr o l l er c on t r oller component s  r - - - - - - -, - * I �* 1 M -e c G ( z )  1 I I 
I I 
L _ _ _ _ _ _  ..J 
� 
plan t c ompone n t s  
r - - - _ , I 
2 7 
I M� ( s )  
I 
I 
I 
I 
L _ _  
r----"-- 1 
1 
c s2 -d 1 I 
- - - - _J £, C s )  
To s impl ify t h e  contr o l  a l gor i t hm, a s pec ial type of s amp l ed 
data cont r o l s y s t em is  i nve s t i gat e d  her e . I t  can be cons i de r e d  a s  a 
pre d i c t ive contr o l  s y s tem and a samp l ed -data contr o l s y s tem wi t h  a 
lar ge s amp l i ng per i od . I t  c on tr o l s  two var iabl e s  of t h e  body s ta t e  
through a s imp l e  a l gor i t hm us ing t h e  b i pe d ' s dynami c e qua t i ons and 
an i ter at i ve t e c hn i que for the ir s o l ut i on . The con tro l  a l gor i thm 
can be impl emented by us ing a d i g i t a l  compu ter; a l though , it i s  
es pec ia l l y  s u i tab l e  for ana log compu ter appl i cat i on , for wh i ch i t  
I 
I 
w� 
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developed . A spec ial purpose analog computer , one that al lows 
for miniatur i zat ion , has been kept in mind , although the result s  pr e -
sented have been obta ined w i t h  a general pur pose analog computer , 
GPAC . 
A sampled-data control with a large sampl ing per iod can be v isu-
al ized by re fer r ing to Fig . 1 1 . f ( t )  is the funct ion t o  be c ontr o l led . 
Fig . 1 1  
f ( t )  
y 
z 
--•� .... 1•--- -- Tm ----4� .. t 
.... ���-------- T ��-------a.i 
Y is the desired value of f ( t ) at t=O and at t=T . I f  f ( t )  is  sampled 
a t=O , the error in f ( t )  i s  ( y-z ) . fl is the time interval dur ing 
whi ch an algor ithmic  element , such as di gital or analog computer , 
determines the control necessary to br ing f ( t )  to y at t=T . Dur ing 
time Tm , the control element exerts its influence . The dashed curve 
represents the uncontrolled f ( t ) whil e the sol id curve is the con -
trolled funct ion . Dur ing � and T ,  however , outside disturbances 
may affect f ( t )  so that the function may not equal Y at t=T. This i s  
because data i s  sampled from f ( t )  only a t  the beg inning of  intervals  
T. The control pr emise is that i f  the action is per iod i c , i . e . , c or �  
recting the ini t ial error dur ing every per iod T ,  then the err or w i l l  
2 9 
not a ccumul ate and t he function f( t ) will r emain close to its desired 
value for a l l  t imes. I nher ent in this the or y  is a r equirement of 
small dist urbances, so that the initial err or can be corrected before 
the general collapse of the syst em occurs . 
As mentioned pr eviously, for body st abilit y, the deviation in 
the body posit ion E must be under control, ideally equa l t o  zero. 
Referr ing t o  Fig .  1 1  and consider ing the biped in part icular, both 
£ and £ cor respond to  f ( t )  since we wish t o  contr ol both. The 
necessity t o  cont rol both stems fr om the lar ge sampling period. The 
desire d  values y are zero in both cases. T ,  as mentioned in . t he in­
troduction, is a fraction of the step. � is determined by t he con­
trol element , i. e. ,  the computer spe ed capability. The parameter Tm 
can be used as a contr ol l ing var iable paramet er. As we have two 
contr olled var iab les, two controlling variable par ameters will be 
necessar y �n order to corr ect both contr olled variables during one 
sampling period. 
The lar g �  interval sampled-data contr ol can be conveniently 
treated mathematic ally by using state variable equations. The con­
trol of t he body position is per formed by using the balancing mass 
in �ddi tional corr ective motion � . The relation between the cor ­
rective motion "K and the body posit ion £ is given by equat ion ( 3- 1 1 ) 
as fol lows : 
Cp � _ q Y{. ) + Cc c - d £ ) 0 ( 3-11) 
To write this dif ferentia l  equation in the c a nonical form, we sub-
s titut e 
and o b t ain 
£ = tv- and £ = £ 
3 0  
( 3- 12) 
� s ampl ed s ta t e  { £ tv- } pl us the cor r e c tive motion �c , mus t t=O 
resu l t  in the zer o fina l deviation , i . e . , t £ , £ V' }  t =T = 0 . The 
equat ion (3- 12) , together wit h  the boundar y conditions above, make 
t h e  ba sis for the contr o l  a l gorithm . To complete it , a hold component 
ha s to be d e fined . 
The h i gher -order ho l d  component has been d e fin ed keeping in mind 
the s tabilit y  o f  s tationar y gait , i . e . , the cor rec tive mo tion Yc must 
vanis h  at the end of it s cor r e c tiv e ac tion. This condition char a c ter -
ize s  t he contr o l  unit ac tion chos en .  In par t i cu l ar , the c o n t r o l  unit 
ac t ion mus t  bring the ba l an c i ng mas s ba ck, af ter the cor r e c tin g  motion , 
to t h e  pre s cribed s tate given by t h e  s tabilizing al gor : thm . To . 
c lar ify t his , consider Fig . 1 2 . Assume the solid curve is t he 
Fig . 12 
--- --..... ---
I 
I 
I 
I 
.. ,4 - Tm .. , t 0 � 
T -
pr escr i b e d  mot i on o f  t h e  ba l an c i ng mas s. The contr o l  act s over t h e  
interva l  Tm c hang i ng t h e  mot i on o f  t he mas s  accord ing t o  t h e  das h ed 
curve. The cr i ter i a  for a s ta b l e  s ta t i onar y  ga i t  r equ i r e s  that t h e  
da shed and so l id cur v e s  have t h e  same pos i t i on and ve l o c i ty , i . e . , 
value and s l ope , a t  t= 'X .  
A func t i on wh i ch ful f i l s  t h e  r e qui r ement s for cor r e c t i on and 
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s ta b i l i t y  i s  the fun c t i on " M ' generated as shown i n  F i g . 13 . As men-
t i oned prev i ous l y , s i nce i t  is attempted t o  con t r o l  two var i ab l e s , 
£ and E , t wo parame ter s should be us ed as contr o l l ing v ar ia b l e s  
i n  t h e  s y n the s i s  o f  Ye . I n  F i g . 13 , the s e  two parame t e r s  ar e 
M* = M and T *  = Tm . M* i s  the amp l i tude o f  the fun c t i on and Tm i s  
the t i me i n t erval o f  ampl i c a t ion . The shape o f  the fun c t i on i n  F i g. 
F i g . 13 
+M 
-M 
t 
I 
D,. T 
13 is c h o s e n  becau se o f  the chara c t er i s t i c s o f  i t s  i n t egr a l  func t i on s . 
The _f i r s t  i ntegra l  o f  � i s  g iven i n  F ig. 1 4 ,  and the s e cond i n  F ig . 
15 . Be caus e the v e l o c i t y  and pos i t i on o f  � ar e  zer o at � + Tm ( F i g . 
15) , t he funct ion � cho s e n  doe s i ndeed ful f i l  the s tat i onar y ga i t  
requir ement s . 
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The comp l e t e sy s t em t o  be i nv e s t igated i s  repr e s en t e d  i n  a t ime 
doma i n  d iagram form in F ig.  1 6 ,  ana l ogous to F ig .  1 0 . The sys t em 
var ia b l es ar e now v e c tor s .  The e r r or s ensor s ar e a p os i t i o n  and a 
rat e  gyro .  Th e ho l d  component i s  d e f ined as generat i ng a torque 
accor d i�g t o  F ig .  1 3 .  The c omputer c on tr o l  a lgo r i t hm i s  de f i ned by 
equa t i on ( 3 - 1 2 )  as we l l  as t h e  c or r e s pond ing boundary cond i t i ons r e -
sul t i ng i n  a pa i r  o f  controll i ng var i ab l e  parameter s : M* and T* . 
The h o l d  mo d e  has been c hosen hav i ng i n  m i nd , a l so , i t s  c on -
Ven i enc e  i n  har dwar e r ea l i zat io n . The s imp l e  a c t i on can b e  c on tr o l l ed 
by a tr igge r  valve �nd a s low pr e s s ur e  r egulator . Th e c omput er_ 
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a l gor i t h m . u s e s  t h e  s y s t em d y nami c s , h i gh s pe e d  oper at i on , a n d  a n  
i t erat i v e  t e c h n i que to f i nd a c or r e c t i v e  a c t ion tha t p r e d i c t s  zer o 
e r r o r  a t  t h e  e n d  o f  t h e  pr e s e n t  i n t e r v a l . 
It i s  conv en i en t  t o  c h o o s e a s amp l i ng per i o d  equal t o  a s t e p  
o r  h a l f - s t e p per i od . A s  t h e  ga i t  h a s  a per i od i c  c har a c t e r , b y  
ma t c h · n g  t h e  samp l i ng pe r i od a n d  ga i t  per i o d , a cons i d e r ab l e  s imp l i -
f i ca t i on i n  t he c o n t r o l  a l gor i t hm c an r e s u l t .  A contr o l  s y s t em o f  
t h i s  t y p e  h a s  b e e n  t e rmed SAMPLED DATA CONTROL SYSTEM WITH PRE-
D I CTIVE ANALOG CONTRO L AL GOR I TH M  and anal y z e d  in s ome d e ta i l  in t h e  
next c ha p t e r . 
CHAPTER I V  
SAMPLED DATA CONTRO L SYSTEM W I TH PRED I CTIVE 
ANA WG CONTRO L A LGOR I THM 
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An int e r na l  analog compu t er is the hear t of t h e  sampled -da t a  
control s y s tem pr opos ed . The value s of £ and £ are sampled a t  t he 
beginning o f  each ha lf-s t ep . This data is . fed t o  a miniaturiz�d 
specia l pur pose ana l og comput er car ried wit h  the biped . The c om­
put er , programed to solve t he s ta t e  variabl e  equations , us e s  t he s e  
data as initial conditions a t  tim e  t=O and looks for t h e  controlling 
variab l e s M*=M and T*=Tm that make the controll ed variables £ and 
£ ,  at the e nd of t he half s te p , L e .  t=T , equal to zer o . The 
contr o l l i ng var i ab l e s M and Tm are de fined ac cording to Fig . 1 3  and 
des cribe complet ely the c on t r o l  ac tion to be taken during the s t e p  
consider ed . The problem mat hema tically r epr esents a boundary value 
prob l em and is s olved by ana l og computer using an automatic i terative 
pro ce s s dur ing t he computing in te rval ,6,., • At the end of the c om­
puting int erva l ,  t h e  r e sultant variabl es M and Tm ar e transferred 
to the ho ld un i t  for synt h e s i s  o f  t he contro l ac tion in t he form of 
a t�r que applie d  t o  the ba lan cing mas s . The control s y s t em a s  de­
s cribed above ha s been s tudied ana ly tica l l y  and impl emen t ed b y  usin g  
a GPAC . 
To obtain an ins i gh t  int o t he c ontrol s y s t em inves tiga t e
d ; a n  
anal ysis of the s y s tem capabil itie s  in corre c ting the initi
al error . 
has been mad e . Th i s  i s  accompl i s hed by a t ime domain mathemat i c  
analys i s . The e qua t i ons ( 3- 1 2 )  i n  ma trix form are r ewr i t te n  h ere : 
3 5  
( 4- 1 ) 
If s hort forms are sub s t i tu t ed for t he matrices such as 
{ £ } = {:J ( A j =[; :] , {£ } = { :J 
[ s ] = [_ ; � J  { �} = { : } 
( 4-2 ) 
we can wr i t e  ( 4 -1 ) as 
The solu t ion of e qua t ion ( 4- 3 ) i s  [� 
T 
{ € C t )} - e ( A J T { € C 0)} + ! e [ A J C T- 'Y) ( B l  [ � C 'Y ) }  d 'T 
0 
( 4-4 ) 
where T i s  one ha l f  of t h e  s tep t ime. 
{ C ( 0) } i s  t h e  column ma tr ix of i n i t i al cond i t i ons for £ and E v . 
Ma trix e 
T i s  called the " fundamental" or " trans i t ion" ma t r ix , an d  
is g i v en by [4] 
e [A ] T = � -1 [ ( s [I  J - [ A J ) - 1 J 
Evaluat ing equa t i on ( 4 - 5 ) for t h e  b i ped we obtain 
( 4- 5 ) 
36 
( 4 -6 ) 
( 4- 7 ) 
wh e r e  the fun c tion s  £1 1 ,  £1 2, f21, f22 corr e s pond t o  the t erms in 
equat ion (4-6 ) .  
The in t e gr a l  in ( 4 - 4 ) i s  simp l i fied by s ub s titut ing e qua t i on s  
(4-2) a nd ( 4 - 7 ) a s  
= !  
-
0 
= iT [� 
[ : : l {� ("t')} - - - 11{ (1"") c c 
E f 12 
� fl2] {Y.c •J c d ,.,.  
p f 22 � ( I )  
� f 22 c 
. .  
E f1 2 Yc c 
p . .  c f22 Y{ 
+ � �  f12] 
d '/ 
+ Ye � f22 
d 7' 
( 4-8) 
I t now r ema i n s  to d e s cr i b e * mathemat i cal l y , subs t i tu t e  i t  i n t o  
the s ta t e  var ia b l e  e quat i on s , and s o l ve for E and Ev. T h e  fun c t i on 
of F i g  . . 13 is 
M at 6, < t <  � + 1/4 Tm 
� = c -M at � + l/4 Tm < t < � + 3/4 Tm 
M at ,6 +  3/4 Tm < t < D. +  Tm 
. The integral of '¥; i s  evaluated as 
� =f t Mdt at A <t < I:!, +  1/4 Tm 
0 t � = i -Mdt at .!'.\ +  1/4 Tm ( t ( f:!, + 3;4 Tm 
tf.' =lt Mdt at ,1+ 3/4 Tm ( t ( fi. + Tm 
and therefore 
M( t - 8 )  at 6 < t < � + 1/4 Tm 
( 4-9 ) 
1k = c -M( t- bi,, - 1/4 Tm ) + l/4MTm at .6 +  l/4Tm < t < 6, + 3/4Tm 
M( t - � - 3/4 Tm ) - l/4MTm at � +  3/4Tm < t  < 6+ Tm 
( 4-10 ) 
is represented by the function in Fig . 1 4 .  I n  a 
s imilar manner , � i s  integrated to obtain 
l/2M( t2 -2 � t+ /j,, ) at �< t <  � +l/4Tm 
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� = -l/2M( t2 -2 � t -Tmt+ � 2+ 6 Tm+l /8Tm
2 > at Ll+l /4Tm � t < � t3/4Tm 
. l/2M( t2 -2 � t -2Tmt+ � 2+2 � Tm+� ) at � +3/4Tm < t < f:l +Tm 
( 4- 1 1 ) 
The two integrals of express ion ( 4-8 ) are tedious to evaluate 
but represent no mathemat i c  d i ff iculty . The " upper"- integral in ( 4-8 ) 
is evaluated as 
(( - � f 1 2 1j{" + :le f 1 2 '/{ )  d r = � pM [ea ( T- 6 ) ( 2e - l/4aTm 
)0 
c 2 a2 c 
-2e - 3/4aTm + e -aTm _ 1 )  + e -a ( T- � )  ( 2 el /4aTm _ 2e3/4 aTm )  
T J 1 qM ( /\ +ea m - 1 )  - 2 a4c ea ( T- L\ )  ( -2e - 3/4aTm + 2 e - l /4 aTm 
�e-aTm _ 1 )  + e -a ( T- 6 )  c -2 e 3/4aTm + 2e l /4aTm + eaTm - l )J 
� 
and t h e  " l ower" i n t egral i s  
. (T P · • q 1 M [ /\ 
lo ( - ;:; f2 2  'f;, + C f22 Y{ )  d y = 2 �c ea ( T- u ) c 2e - l /4aTm 
-2e - 3/4aTm + e -aTm - l )  _ e -a ( T- 6 )  c 2e l /4aTm _ 2e 3/4aTm 
_ -,.;-- ea ( T- L\ )  c 2 e- l /4aTm _ 2e - 3/4aTm 1 q
M [ A 
2 aJc 
+ e -aTm _ l )  _ e -a ( T- � ) ( 2e l /4aTm _ 2 e 3/4aTm + eaTm _ l )J 
I f  we d e no t e  
� t  
�[  
t hen e quat i on ( 4 - 4 ) i s  
{£ ( T ) l [ Ev C T )  -
wher e  e ( T )  and £v( T ) ar e t he r e s pect ive values at T or a t  t h e  
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( 4 - 1 2 ) 
( 4 - 1 3 ) 
( 4 - 1 4 ) 
( 4 - 15 ) 
beg inn ing o f  the next ha l f  s t ep . F or s tab i l i ty ,  S ( T ) and £vC r )  
should b e  r edu ced t o  zero , t here for e 
( 4-i 6 )  
The e quat i on ( 4 - 1 6 )  i s  used t o  evaluate t h e  contr o l  capab i l j t y  
of t he con t r o l  s y s t em under s tudy . The ga1· t  par amet e  T · t h  r , i . e . , e 
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ha l f - s t e p  t ime , i s  chos en t o  cor r es pond to a s l ow gait , T=l . 5 0 0  s e c . 
The compu t i n g  interval � i s  chos en t o  be 
6. = ( 1 /20 ) T = 0 . 0 7 5  s e c . 
wher e  i t  i s  a s s umed to be l ong enough for h igh speed repet i t i v e  com-
putat ion . The s y s tem parame t e r s  wer e  used as determined in t h e  
pr evi ou s  chapter s : 
p 2 . 1 04 
q 1 1 . 3 5 0  s ec . -2 
c 6 . 086 
a =  2 . 708 -1 sec . 
The contr o l l i ng var iables 
M 
and Tm in the domain o f  pract i ca l  r ea l i za-
t ion wer e u s ed to determine the i n i t i a l  error s  E C O) and £�( 0 )  that 
can be prac t i ca l l y  cont r o l l ed . The equat i on ( 4-1 6 ) was us ed i n  t h e  
form 
M { ;: : :: :} 
and s olv ed b y  us i ng the d i g i t al computer .  The graph ob ta ined from 
th F · 1 7  M was var i e d  from M '  = 0 .  0 5  e d i g i ta l  compu t er appear s i n  i g .  · 
to M' - -2 was var· i· ed fr om 0 . 0475 s e c . t o  1 . 42 5 s e c . 1 . 00 s e c  wh i l e  Tm 
The re s ul t s  for both p l u s  and minus M wer e plott ed . 
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The l ine Tm = 1 . 42 5  i s  t h e  l ong e s t  l i ne s i nc e t h i s  i s  t h e  
max imum c or r e c t in g  t ime . As Tm decreases , t h e  s l ope o f  t h e  l ines 
o f con s tant Tm incr ease negat i v e l y . The l engths o f the l in e s , how­
ever . decr ease ver y fast be cau s e  the t ime o f ac t i on of th e cor re c t i on 
d e cr ea se s . The r e g ion o f  cor r e c ta b l e  i n i t ial cond i t i ons then i s  a 
very narrow ar ea al ong t he l i ne Tm = 1 . 42 5 ; bounded on one s i de b y  
that l i ne and on t he o t her by a curve j o ining t he po int s M = 1 .  
Al l t h e  po i n t s  i n  t h i s  r eg i on ar e ini t ial cond i t ion s  wh i c h  can be 
cor r e c te d  t o  zer o a f t er one ha l f  s t ep . I n  t he l im i t , as Tm a p proaches 
zer o , the con t r o l  a c t ion appr ox imat e s  an impul se . S i nce an impul s e  
can change on l y  v e l o c i ty , t he l i ne o f  M equal s  some cons tan t  and Tm 
appr oaches zero wo u l d  be ver t i c a l  on t he graph . 
Th e  r e g ion o f  corr e c tab i l i t y  may b e  en large d  by incr ea s ing M .  
The das hed l i ne i s  a pro j e c t i on o f  Tm . 2 85 out t o  t he p o i n t  M 600 . 
Thi s  va l ue o f M ,  h owever , i s  beyond t he prac t i cal tor que pr odu ce d  b y  
a phys i ca l  e l emen t . A mor e  r eal i s t i c  value o f  M i s  about 2 5 0  or 300 . 
Althoug h  i n cr eas ing M enlar g e s  t he r eg i on , t he region r ema i n s  i n  t he 
se cond and four th quadrants . Th i s  means tha t  onl y  pos i t ions and 
ve l oc i t i e s  in oppos ite d i r e c t i ons can be cor r ected to exact l y  z er o . 
To cor r e c t  po i n t s i n  t he f ir s t  and t h i r d  quadr ant s t o  zer o , an ad ­
d i t ion to t he con t r o l  a c t ion us ed is r equir ed . 
The graph i n  F i g . 17 g iv e s  l i t t l e  i n fonn a t i on about t h e  a c t i on 
o f  t h e  p r e s e n t  c o n t r o l  on e r r or s  out s i de the exac t l y c or r e c ta b l e  
r e g i on . I t  s hows on l y  t h a t  t h e  i d e a l  contr o l , i . e . , t he ab i l i t y  t o  
cor r e c t  er r or s t o  exac t l y  z er o , i s  ver y l im i t e d  w i t h  t h i s  c o n t r o l .  
· In t h e  n e x t  c ha p t e r , t h e  a na l o g  c ompu t er wi l l  b e  u s e d  to i nv e s t i ­
gate t he c o n t r o l  b e hav i or o n  e r r or s out s i d e  t h e  exa c t l y  c or r e c tab l e  
r eg i on and exper i me n t  w i t h  t h e  impr ov ement o f  t h e  c on t r o l  a c t i on on 
all e r r or s . 
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CHAPTER V 
I MPLEMENTATION AND I NVESTI GATI ON OF THE 
CONTRO L ALGOR I THM USED 
4 3  
The imp l emen tat ion of t h e  pr e d i c t ive ana l og con t r o l  al gor i thm 
us e d  i n  the s amp l ed -data s y s t em was done by us ing a gener a l  pur pos e  
analog/hybr i d  comput er . A s  explained i n  the pr ev i ous chapter , t h e  
contr o l  a l gor i t hm de termines t he parame te r s  M*=m and T*=Tm t ha t  wi l l  
cor r e c t  the sampl ed ini t ia l  devia t i ons l £ ( 0 ) , £ ( 0 )  ] dur i n g  t h e  
s ampl ing per i o d  s o  a s  to r educe the f i na l  dev iat i ons { £ C T ) '· 
to zero at t h e  end o f  t h e  s amp l ing per i od . The paramet e r s M and Tm 
ar e then used by the h o l d component t o  s ynthes i ze a tor que t hat f o r ces 
the bal anc i ng mas s  i nto a cor r e ct ive mot i on Vc . 
The contr o l  al gor i t hm imp l emen ted uses t he ana l o g- comput e r  
s imu l at e d  dyrtam i c s  o f  t he b i ped a n d  a h i gh -s peed i t erat i on s ch eme t o  
so lve t h e  boundar y va l u e  pro b l em .  I t  pr ed i c t s  the ne c � s sar y c ont r o l ­
uni t a c t i on t o  obt a i n  zer o dev iat i on a t  t he end o f  the per iod con-
s i der ed . 
Equa t i on ( 3-1 1 ) i s  t h e  ba s i s for t h e  s imul at i on o f  the b i ped 
s ys tem dynam i c s . Th e e quat i on i s  r ewr i t ten here as 
(p � - q � ) + (c £ - d £. ) = 0 
Rearrang i ng th i s  e qua t i on i n  the s tandar d form for ana l og pr ogramm i ng 
we obta i n  
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. •  d p . . q £ = - £ - - y + - � c c c c c: ( 5 -1 ) 
To solve equat ion ( 5 - 1 ) the initial cond itions sampled as £ ( 0 )  
and l < o )  were used as we l l  as the highes t value of Tm and the low-
est value of M for the fir st  run .  As the final values required , i . e . , 
f. ( T )  = 0 and f;, ( T ) = O ,  are not normal ly sat is fied in the first  run , 
the fol lowing iterat ion scheme was used : 
Gains of k1 = . 2  and k2 = . 2 were found to be effective . The iterat ion 
s cheme was rerun automat ical ly dur ing the comput ing per iod � '  and 
the final settled values of M and Tm , describing the pred icted 
neces sary control act ion , wer e made avai lable to the hold component 
for control act ion dur ing the rest of the period T.  The l imits im-
posed on the real system , i . e . , 
0 sec -2 < M '  <.. 1 .  00 sec -2 
O .  075 sec < Tm < 1 .  42 5 sec 
were observed and control led by the log i c  of the control action . 
Dur ing the execut ion par t of:.  the per iod T ,  i . e . , t= ( T- .6 ) , the 
computer is  supposed to idle and to start a new cyc le at the begin-
ning of the next per iod T by sampl ing a new set of data £ ( 0 )  and 
£ ( 0 )  that or iginated due to pertur bances dur ing the step j us t 
descr ibed . 
A t yp i cal c on t r o l  c y c l e  i s  i l l u s tr a t e d  i n  F i gur e s  1 8 , 1 9 , 2 0 . 
The graphs wer e  taken wi th an x - y  p l o t ter wh i l e  r unn ing t h e  h i gh 
speed i t era t i v e  c y c l e  i n  a s l ow s pe e d  mode . A s e t  o f  i n i t i a l  d ev i ­
a t i on s  i n  body pos i t i o n  and v e l o c i t y  
c: ( 0 )  -0 . 0 1  rad . 
E CO )  = 0 . 00 
wer e as s umed hav i ng been fur n i s hed by t h e  gy r o  s enors . The F i g . 1 9 . 
s h ows t h e  pr e d i c t ed body po s i t i on £ ( t ) dur i ng t ime t = O  t o  t = T  f or 
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d i f f er e n t  c o n t r o l l i ng var i ab l e s , i n  s e quenc e , a s  t h e  i t e r a t i on s c h eme 
was i mp r ov i ng t h e  r equ i r e d  f in a l  c ond i t ions . At t h e  e n d  of the c o m ­
put i ng i n te rva l � ,  a f t er appr ox i ma t e l y  2 0  r uns , t h e  c o n tr o l l ing 
var i ab l e s  M and Tm wer e  foun d  approx i ma t i n g the r e qu i r emen t £ ( T ) = O . 
The F i g . 1 9  i s  an ana l o g o us pr ed i c t i on of t h e  v e l o c i t y d e v i a t i on 
£ (T ) .  C or r e c t ion i s  o bv i ou s  al t hough a s  for E. ( T ) , t h e  f i nal 
va lue E ( T) is not r educed comp l e t e l y  to zer o . The F i g . 20 s h ows 
the cont r ol ac t i on M'( t )  dur i n g  t = 6 to t = ( 6 + Tm ) , a s i t  chan g e s 
dur i n g  t he i t e r a t i on c y c l e . 
Al t houg h  t he con trol c yc l e i l l us tr a t e d  pr esent s a t y p i c a l  c as e , 
the r e ar e r eg i ons o f  i n i t i a l dev i a t i ons wh i c h ar e n o t  cor r e c ta b l e a s  
the c a s e  i l l us tr a t ed .  Th i s  d i f f i cu l t y  was encoun t er ed a l r ea d y
 i n  t he 
analyt i ca l  con s i d er a t i on of  the cont r o l  s y s tem at hand . An add i t ion-
a l i nv e s t i ga t i on a nd d i s cuss i on , t h r o ugh t h e  s i m
u l a t e d  contr o l l er 
de s c r i be d  a bo v e , w i l l be g i ve n next . 
4 6  
F i g . 1 8  
£ 1 ( T ) 
F i g .  1 9  
£c o ) 
£ I  ( T ) 
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Pr ogram of  Control ler Simulat ion : 
Fig .  2 1 is  a diagram of  th e analog computer program which was 
des igned to s imulate the c ontrol ler act ion j ust des cr ibed . The con-
trol ler s imulat ion is  divided into five parts for c lar ity . Each 
part or subprogram is labe led in the figure and is de scr ibed br iefly 
as  fol lows . 
1 ) BIPED DYNAMICS ; Thi s  subprogram , inc luding two integrator s with 
a feedback loop , s imulates tha dynamic equat ion (5-1) us ing s ca led 
var iables . The output of the fir s t  integrator is £ and that o f  the 
second is E . The var iables are cont inuous ly forwarded to the 
ITERATION SCHEME . The inputs to the BIPED DYNAMICS are the init ia l  
condit ions t ( 0 )  and £ ( 0 )  obtained from the final condit ions o f  the 
evious hal f-step per iod and s tor ed for use by the contro l l er . Two 
other input s ar e also received by the BIPED DYNAMICS . These are the 
functions � and Y; forwar ded from the CONTROL ACTION subprogram to c. Te 
correct the var iables E and £, .  
2 ) ITERATION SCHEME ; The subprogram labeled ITERATION SCHEME con-
s ists ot
" 
two pair s of " track and store" units each be ing c
onnected 
in tandem with a feedback to form the analog accu
mulator . The input 
is taken from the BIPED DYNAMICS subprogram after 
be�ng trans formed 
into an increment of control parameter s  ll M and fl TM through the 
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ga�ns k1 and k2 . The value .O M  and � T� are tracked dur ing the OP 
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per iod of high speed operat ion , and accumulated dur ing the IC per iod . 
The subprogram also contains three l imiter s  whi ch l imit the ac-
' 
cumulated values M and Tm to those required . 
3 )  CONTROL ACTION ; To synthes ize the funct ion M ,  the subprogram 
CONTROL ACTION uses the s i gnal M from the I TERATION SCHEME . The 
function � is taken out wi th va lues +M,  -M and zero at t imes con-
trol led by the LOGI C  CONTROL.  � is integrated twi ce to  obtain � 
as an output al so . 
4 )  LOGIC CONTROL ; The LOG IC CONTROL subprogram receives the s i gnal 
T' f 1 h m rom the ITERATION SCHEME and integrates it , a ong wit a 
constant , to obtain a ramp funct ion . This ramp function is  divided 
nto 1/4 and 3/4 of its maximum value by log i c  elements which output 
1 gic  s ignals at . 2 5 Tm and . 75 Tm to vary the CONTROL ACTION . As 
the s ignal T� var ies , the s lope of the ramp function change·s contr o l -
l ing the var iat ion i n  Tm . 
. 5 )  TIMER ;  The TIMER moni to�s the repeat-operate cyc le of the corn-
puter and controls the t ime of each per iod , i . e . , OP and I C . The 
t imer also control s  the analog accumulators  in the ITERATION SCHEME . 
This  analog program was used to obtain the informat ion on the 
control act ion pr esented next in th is paper . 
. .  
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A s  ment i oned i n  t h e  intr oduc t i on , t h e  ana log s imul a t i oh was i n t en d ­
e d  t o  imp l ement t he pr ed i c t ive c on t r o l  a l gor i t hm to che c k  t h e  r es u l ts 
o f  t h e  t ime d oma i n  ana l y s i s  and t o  exper iment for improvemen t  o f  the 
c ontr o l  act ion . The a na log' c omput er solut i ons s h owed a good c or r e s pon ­
dence wi th t h e  ana l y t i ca l  s o l u t i ons . The nar r ow r eg ioh of c or r e c t i on 
made s e t t i n g  t h e  comput er d i f f i cu l t s i nce sma l l  c hanges i n  i n it ia l 
cond i t i on s  cr eated lar ge c hang e s  a f t er t ime T .  The ma i n  charac t er ­
i s t i c s o f  t he contr o l , however , wer e found t o  b e  the sam e  as t h o s e 
s een i n  the ana l y t i ca l  s o l u t i on . Th e  s imula t i on con f i r me d  that only 
i ni t ia l  cond i t i on s  o f  oppos i t e  s i gn wer e cor r e ctable to zero as was 
s hovm in F i g . 1 7 . Be cause o f  t h i s , i t  was a t t empt e d  n o t  to r e qu i r e  
z e r o  e r r or a f ter t ime T b u t  t o  a l low some r e s i dua l er r or t o  r emai n  
wh i ch woul d b e  w i t h i n  s ome sma l l  l im i t s . To d i s cover t h e  e f fe c t  o f  
the e r r or s not compl e t e l y  cor r ec ta b l e  o n  the contro l ,  i rt i t i a l  c o n �  
d i t i on s  o f  var i ou s  comb i nat i ons o f  value a n d  s i gn wer e  a l so t r i e d  on 
the anal o g- s i mulat i on . The r e s ul t s  ar e s hown by the fol l owing r e p ­
r e s enta t ive graphs taken from t h e  analog out put , by " x- y" p l o t t er . 
Cas e  A :  E and £ � O ,  and l i e c l o s e  to cor r ectable r eg i on . 
. F i g . 2 2  and 2 3 show a p l o t  o f £ and l ver sus t ime . A twent y -r un 
i tera t i on i s  p l o t t ed w i t h  M and Tm changed propor t i onal to the e r r o r  
in � and l r e spec t i v e l y  a f t er t h e prev i ous r un .  At t ime t=O , t h e  
i n i t ia l  cond i t i ons a r e  a s  shown . The f i r s t  r un , t ha t  wi thout contro l ,  
i s  s h owri as t h e  one w i t h  t h e  va lues o f  t=T far t he s t  f r om zer o in 
5 1  
both graph s . Each suc ce s s i v e  r un s h ows a decrea s e  i n  the f i nal value 
of the var iab l e  at t ime t=T . After each run , Tm d ec r eas e d  because 
of t h e  error in g at t=T. I n  the s ame manner , M i ncr ea s e d  after each 
r un b ecau s e  of the error i n  € • The combined e ff e c t  was t o  r ed u c e  · 
the error s i n  both var iab l es . S ince the i n i t ial cond i t ions wer e  o f  
oppos i te s ign , the value s o f  bot h  var ia bles moved towar d zero a s  t ime 
i n creas e d , b u t  only a par t i cu l ar cho i ce of £ ( 0 )  and t C o )  would have 
made £ (T ) and t ( T )  exa c t ly zer o a t  t ime T .  The error s at t--==T wer e 
not made exac tly zero by the contro l ( note the lar ge ver t i cal s cale ) 
becau s e  t he i n i tial cond i t i o n s  wer e close to, b ut not in , t h e  c or -
r ect abl e  r e g i on . Tm decrea s e d to the pract i cal limit chose n ( Tm = 
. 0 75T ) . Th er e for e l i t t l e  cor r e c tion was avai l ab l e . 
Cas e B : E C O ) = o ,  t e a )  > O ; 
F i g ur es 2 4 and 2 5  ar e again p l o t s  o f  £ and £ Her e  t h e  i n i t i al 
cond i tion of E i s  zero wh ile that of [ i s  pos i t ive . Be cau s e  no can­
celing of i n i t ial cond i t i on s  oc cur s at the f i r s t  r un t he var iable s 
d iver ge from zero as time increas es . As i n  the pr ev i ous caus e , t h e  
cond i t i ons a t  t=T ar e both posit i ve . Therefor e the contr ol ac t io n  is 
the same , , i . e . , Tm d e creas e s  and M incr eas
es . In t h i s  cas e , however, 
the i n i t ial cond i tions ar e far fr om the reg ion of corre c t a b il i ty a n d  
t h e  contro l doe s  l i t tle t o  d e cr ea s e  the err or s . Aga i n  Tm d e c r ea s e s  
t o  i t s  l im i t  as M incr eas es t h e  contr o l  un i t  act ion . F i g ur e  2 6 s hows 
a pl o t  of t h e  func tion ca l l ed "M" for the same er ror as in f i gur e s  
24 and 2 5 . For neatnes s ,  on l y  twe l ve run wer e p l o t t e d  h e r e . The 
f i r s t  run of t h e  compu ter was p l o t t e d  on the t ax i s  s i n c e  no e r r or 
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i s  s en s e d  un t i l  t h e  e n d  o f  t h e  f i r s t  r un . Ea c h  s u c c e s s iv e  r un caus e d  
a d e c r ea s e  i n  1'm and a n  i n c r eas e i n  M* . F i g . 2 6 can b e  c ompa r e d  t o  
F i g .  1 3  t o  i de n t i fy t h e  par ame t er s . 
Ca s e  C :  £ C o )  � o , [ C o ) = o ;  
F i gur e s  2 7  and 28  aga i n a r e  o f  £ and t r e s pe c t i ve l y .  The i n i t i a l  
cond i t i ons ar e now £ nega t i v e  and t = zer o . £ ( 0 )  an d  £ c o )  a r e 
aga i n  far f r om t h e  c or r e c t a b l e  r e g i on , but t h e  va lues a t  t=T ar e now 
ne gat i ve .  Th i s  c h a n ge s bo th t h e  a c t i on o f  M and Tm i n  t h e  c o n tr o l  
un i t .  Tm r ema i n s  f ix e d  a t  i t s max i mum l im i t  o f  Tm = ( 1 9/20 )  T .  M 
a ga i n  i n c rea s e s  but i n  n manner oppos i t e to tha t o f  pr ev i ou s  t r i a l s .  
The f un c t i on Mc i s  i nver t e d  f r om t h a t  i n  F i g . 1 0  i . e . , i t s  v a l u e  i s  
-M from 6 t o  e:.,.+ 1 /4 Tm , + M fr om 6 +  1/4 Tm to � +  3/4 Tm , e t c . The 
inv e r s i on o f  Mc br i ngs E ( T )  a n d  S ( T )  aga i n  t owa r d  zer o but t h e  
contr o l  i s  g r e a t l y impr ov e d  b e caus e Tm r ema ins max imum . The a c t i on 
o f  t h e  con t r o l i s  over t h e  max imum t ime br i ng i ng t h e  var i a b l e s v e r y 
c l o s e  t o  z e r o  at t=T . Th i s  f a c t  was u s ed t o  impr ove t h e  c o n t r o l  a c tion 
as s h own by Cas e E la t e r . 
One pr o b l e m  can be s pot ted i n  the cas e o f  F i g ur e s  
2 7  and 28 , 
howev er . l ( T ) i s  s ee n  to c hange s i gn a f te r  1 3  r uns . Th i s  d ev e l op -
ment c au s es Tm t o  b e g i n  t o  d
e cr ea s e  as be for e a nd r u i ns t he c o
n -
. · b l e s  £ ( T ) and £ ( T ) i n  ver gence o f  t h e  i t er a t ion s ch eme a s  t h e  var 1 a 
5 3  
t he i t e r a t i on pr o c e s s  take a non c or r e c tab l e v a l u e . A s o l ut i o n  t o  t he 
f i r s t  pro b l em wou l d  t ak e - car e o f  t h i s  d i ve r ge n c e . 
Cas e  D :  £ ( 0 ) = o ,  [ (O) < O ; 
F i gur e s  2 9  a n d  30 s how a cas e s i m i lar t o  t h e  pr e v i ous one e x ­
c e p t  t h e  SCO) i s  n o w  nega t i v e  a n d  £ ( 0 )  i s  zer o . Th e c o n tr o l  a c t � o n  
i s  t h e  s ame a s  b e f o r e  b e c a u s e  £ ( T ) a nd t ( T) a r e  p o t h  n e ga t i ve . 
The exp l ana t i on i s  a l s o  s i m i l ar . 
Cas e E: Ca s e  C w i t h  Tm = Tm ( max ) ; 
F i gur e s  3 1  and 32 s how an examp l e  o f  t he impro v eme n t  i n  a c t i on 
me n t i on ed i n  Ca s e  C .  Ca s e  B s h owe d poor con tr o l  a c t i on b e c au s e Tm 
d e c r e a s e d  t o  i t s  m i n i mwn .  He r e  t h e  v a J ue o f  £ ( T ) i s  aga i n  p o s i t i v e  
a f t er t he f i r s t  r un b u t  t h i s  t ime , Tm was f o r c e d  t o  r ema i n  a t  i t s  
max imum l im i t  wh i l e  M i n c r eas ed as be fore . Th e c o n tr o l  a c t i on s hows 
an obv i ou s  i mpr oveme n t  over the case B for both var i a b l e s . Aga i n . 
some sma l l  e r r or r ema i n s  a f t er t h e  2 0 - r un i t er a t ion . 
Cas e F : ( > O ,  E.. = O ;  c a s e  B b u t  Mmax and k i ar e i nc r e a s e d . 
F i gur e s  3 3  and 34 aga i n  pr e s e n t  p l o t s  o f  £ and £ ver sus t ime . 
I n  hope o f  i m pr ov i n g  the c o n t r o l  o ver a comb in at i on o f  er r or s im i lar 
i n  s i gn t o  those i n  cas e B, two var iat ions wer e s imu l t aneous l y  em­
p l oye d .  The l i m i t  o f  M wa s r a i s e d  t o  four and t o  make. b e t t er u s e  o f  
t h i s  new po t en t i a l , t he ga i n  k i o f  M i n  the i t erat i on s ch em e  was i n ­
cr eas e d . Th e i n c r eas e i n  g a i n  a l l ows t h e i nc r eas e o f  M t o  b e  
e f f e c t i v e  s o oner t h a n  t he d e cr ea s e  o f  Tm . Th e c ontr o l  impr ov e
d  
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g r ea t l y  over cas e B a s  t h e  u n c o n t r o l l e d f i r s t  run mad e  t h e  c ur v e  
far abov e t h e  z e r o  l i n e a n d  s uc c e e d i ng r un s  went from j us t  b e l ow zero 
towar d s  z er o . 
Cas e G :  t > o , £ > O ;  c a s e  B but Tm=T ( max ) and k =O m 12  · 
F i g ur e s  3 5 and 3 6  s how s t i l l  ano ther exper imen t  t o  improv e t he 
con tr o l  o f  i n i t i a l  cond i t i ons y i e l d i ng f i r s t  cur v e s  l i ke t h o s e  s h own 
in F i g ur e s  3 and 4 .  As in case E ,  Tm was forced to r ema i n  a t  i t s 
maximum . U n l i k e  ca s e  E wh e r e  £ wa s l e f t  unsamp l e d , h e r e  t h e  f e e d b a c k  
o f  E ( T ) w a s  changed i n  s i gn and added t o  t h e  feedback o f  c ( T )  t o  
change M .  I n  t h i s  way , a n  " av e r a ge" o f  E ( T )  and £ ( T )  wa s u s e d  t o  
contr o l  parame t er M .  I t  d i v i d e s  t he r e s i dua l er r or be tween £ a nd £,·. 
Th i s  i s  d e s i r a b l e a s  ca n be s ee n  fr om F i gur es 3 1  and 32 o f  ca s e  E whe r e  
t h e  r e s i dua l er r or i n  £ exc e e d s  t ha t  i n  £ • A " c ompr om i s e" b e t ween 
t he s e  e r r or s wou l d  be c l o s er t o  the des i r ed va lues o f  zer o for b o t h  
var.i a b l e s .  
The r e s u l t s  ob ta i ne d by exper i mentat ion wi t h  the s imu l a t e d  c o n -
tr o l l er s h ows that a l ar ge r  r e g i on o f  i n i t i a l  dev iat i on s  c a n  b e  c a r -
re c t e d  i f  t h e t ime par ame t e r  Tm i s  kept t o i t s max im
a l  v a l u e , and t h e  
. ' 
t or que pa r ame t e r  c o n t r o l l e d wi t h  £, ( T ) and l (T ) .  Hav i ng i n  t h i s  way 
on l y o ne c o n t r o l l i ng var i a b l e , the two contro l l ed var iab l e s  have t o  
be al l owed t o  r ema i n  w i t h  s ome e r r o r  a f ter the execu t i on o f  t h e  c ar -
re c t ive a c t i on . An i te ra t iv e s cheme u s ing t he cr i t er i on o f  m i n im
i z i n g  
t he r e s i dua l e ( T ) 2 + S ( T ) 2 wou l d  be appr opr iate . 
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Fig . 2 9  
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T = 1. 5 s e c . 
� = 0 . 0 7 5  
E C O )= 0 . 00 3  
EC O )= 0 . 000 
k 1 = 0 . 800 
k2 = 0 . 2 0 0 
M '  � 0 .  2 00 
Tm -'> 0 .  5 4 9  
s e c . 
rad . 
rad . /s e c . 
s ec . -2/rad . 
2; . s e c . 1 ad . 
-2 s e c . 
s e c . 
6 7  
F i g . 3 4  
Ca s e  F :  £ ( 0 ) > o ,  £ C O ) =  O ;  case B b u t  Mmax and k 1  ar e i n cr e a s e d . 
0 r-i 
0 
0 . 1  
Cas e  G :  
T = 1 . 5  s e c . 
6. .;_ 0 .  0 7 5  s e c . 
e ( O ) = 0 . 00 6  
£ c o ) = o . o o o  
(kl = 0 . 2 0 0  
k2 = 0 . 2 0 0  
M ' � 0 . 2 1 4  
Tm = max . 
rad . 
r a d . /s e c . -
s ec . -2/r a d . 
2 s e c . /r ad . 
s e c . -2 
c a s e  B but Tm = Tm Cmax . ) and k1 2  � 0 .  
6 8  
F i g . 35 
t 
,-... 
CJ Q) 
Cll "" 
'O C\l � '-" 
U) 
0 CV) 
0 
Ca s e  G : 
6 9  
T = 1 .  5 s e c . F i g . 3 6  
6 =  0 . 0 7 5  s e c . 
£ ( 0)= 0 . 0 0 6  r a d . 
l < o )= 0 . 0 0 0  r a d . /s e c . 
t
1 = 0 . 2 0 0 
- 2  s e c . /r ad � 
0 . 2 0 0  s e c . 2 /r ad . k2 = 
M '  � 0 . 2 1 4  s e c . -2 
Tm = max . 
( s ec . ) t 
ca s e  B b u t  Tm = Tm ( max . ) and k 1 2 r- 0 .  
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The purpose of this thes i s  was to analyze a feedback contro l  
system for the bipedal walk ing machine model presented i n  ( l ] . The 
bipedal model was f irst  s impl i fied and then equat ions o f  mot ion were 
der ived . Cr iter ia for stabi l ity  wer e  chosen and d i fferent control  
systems were br iefly cons idered . A sampled-data feedback control was 
analyzed in some detai l to determine its control potent ial . The 
sampled-data control system analyzed uses a predict ive analog con-
trol algor ithm .  The analys is was per formed by us ing a time domain 
technique . The analog control ler was then simulated on a general pur ­
pose analog computer to check the analytical results and to improve the 
control lab i l ity by exper iment ing with the control unit action . 
In the survey of the control sys tems available , it  was shown 
that the sampled-data control sys tem with a large sampl ing per iod has 
some advantages in the pract i cal real izat ion . However ,  the analy s i s  
its contr.ol labi l i  t y  h
as shown that when practical values o f  con­
var iables are used , a small and spec ific region of init ial 
deviat ions in the body state can be compensated . ·  The analog control ler 
simulat ion impl emented by us ing the analog/hybr id computer EAI 380 has 
confirmed the resul ts obtained by analyt ical methods !_ 
7 1  
By exper iment i n g  wi t h  d i f f er en t changes i n  c o n t r o l  a c t i on o n  t he 
s imulator o f  t h e  ana l o g c on t r o l l er ,  i t  wa s found t ha t  a great expans ion 
o f  con t r o l lab J .e r eg i o n c a n  be ac h i eve d b y  k e e p i ng one c on tr o l l i ng 
var iable ( t ime o f  a c t i or . )  a t  i t s maximum , wh i l e var y i n g t h e  o t h e r  
( tor que l eve l ) s o  as t o  r ed u c e  b o t h  c o ntr o l l ed var iab l es ( d ev ia t i on 
i n  body pos i t i on a n d  v e l o c i t y ) t o  s ome c ompr omi s e d m i n ima l va lue . 
Th i s  i t  . r a t i on s c h eme , t o ge t h e r w i t h  a l eas t s quar e c r i t er i on f or r e -
s idua l er r or s , wa s s u g ge s t e d  f o r  a f ur t h e r  s t udy o f  t h i s pr o b l em . 
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